In this paper the problem of chaos synchronization, and the related phenomena of riddling, blowout and on-off intermittency, are considered for discrete time competition models with identical competitors. The global properties which determine the different effects of riddling and blowout bifurcations are studied by the method of critical curves, a tool for the study of the global dynamical properties of twodimensional noninvertible maps. These techniques are applied to the study of a dynamic market-share competition model.
represent the choices (such as, productions or investments) of two firms which produce the same goods and compete in order to maximize their profits by acquiring greater portions of a given market. The long run (or asymptotic) evolution of such systems may be characterized by the coexistence of the two competitors, generally with some degree of dominance (or prevalence) of one of them, or by the complete elimination of a competitor, which may be seen as an extreme form of dominance. In a deterministic framework, the final outcome depends on the values of the parameters which characterize the competitors and, in some cases, on the initial condition (x0, y0), whose influence may be crucial when several coexisting attractors of the dynamical systems are present, each with its own basin of attraction. If the two competitors are very different, then one of them generally dominates in the long run, and the outcome of the competition may be independent of the initial point, i.e., the stronger competitor may win even starting from a disadvantageous starting condition. More interesting situations may occur if the two competitors are similar or, at the limit, if they are absolutely identical. In this paper we investigate some particular properties of competition models with identical competitors.
In the case of identical competitors, the dynamical system must remain the same if the variables x and y are interchanged, i.e., T o S-= S T, where S: (x, y) --, (y, x) is the reflection through the diagonal zx {(x, y) y}. (3) This symmetry property implies that the diagonal is mapped into itself, i.e., T(A)C_A, which corresponds with the obvious statement that, in a deterministic framework, identical competitors, starting from identical initial conditions, behave identically for each time. The trajectories embedded into A, i.e., characterized by x=y for every t, are called synchronized trajectories, and they are governed by the one-dimensional map given by the restriction of T to the invariant submanifold A X,+l =f(xt) withf Tlzx: A --+ A. (4) In [8] the one-dimensional model (4) has been considered as the model of a representative agent whose dynamics summarize the common behavior of the two synchronized competitors.
A trajectory starting out of A, i.e., with x0 -/= Y0, is said to synchronize if Ix-Ytl 0 as ---+ + . A question which naturally arises, in the case of symmetric competition models, is whether identical competitors starting from different initial conditions will synchronize, so that the asymptotic behavior is governed by the simpler one-dimensional model (4) . This question can be reformulated as follows. Let A. be an attractor of the one-dimensional map (4) . Is it also an attractor for the two-dimensional map T? Of course, an attractor A,,. of the restriction f is stable with respect to perturbations along A, so an answer to the question raised above can be given through a study of the stability of A. with respect to perturbations transverse to A (transverse stability).
If A.. is a cycle, then the study of the transverse stability is the usual one, based on the modulus of the eigenvalues of the cycle in the direction transverse to A, whereas the problem becomes more interesting when the dynamics restricted to the invariant submanifold are chaotic. In this case the phenomenon of chaos synchronization may occur (see e.g. [13, 29, 15] ), i.e., the time evolution of the two competitors synchronize in the long run even if each of them behaves chaotically.
Dynamical systems with chaotic trajectories embedded into an invariant submanifold of lower dimensionality than the total phase space have raised an increasing interest in the scientific community (see e.g. [5, 10] ). Milnor attractors (see [22] ) which are not stable in Lyapunov sense appear quite naturally in this context, together with phenomena like on-off intermittency and riddled basins (see e.g. [4, 28, 20] [14, 24, 3] ) and, in particular, the reinjection of the locally repelled trajectories can be described in terms of their folding action (see e.g. [24] or [25] for a description of the geometric properties of a noninvertible map related to the folding, or foliation, of its phase space). This idea has been recently proposed in [9] for the study of symmetric maps arising in game theory, and in [8] for the study of the effects of small asymmetries due to parameters mismatches. In these two papers, the critical curves have been used to obtain the boundary of a compact trapping region, called absorbing area following [24] , inside which intermittency and blowout phenomena are confined. These methods have been recently introduced in the physical literature, for the study of a system of coupled chaotic oscillators, in [21] and [6] . In particular, in [6] the concept of minimal invariant absorbing area is defined in order to give a global characterization of the different dynamical scenarios related to riddling and blowout bifurcations.
The main purposes of this paper are to explain the relations between the problems related to chaos synchronization and the properties of critical curves, and to illustrate their application to the study of symmetric competition models. These relations may be important in practical problems because they can be used to define compact regions of the phase plane that acts as trapping bounded vessels inside which the trajectories starting near A are confined, thus giving an upper bound for the oscillations (bursts) which characterize both the transient dynamics of the trajectories which eventually synchronize, and the persistent oscillations (on-off intermittency) which characterize the dynamics just after a blowout bifurcation. Moreover, contacts between the portions of critical curves bounding the minimal absorbing area surrounding a Milnor attractor and the basin boundaries may mark the transition between local and global riddling phenomena (see [21, 61) .
The paper is organized as follows. In Section 2 we recall some definitions and results related to the study of transverse stability, and related local bifurcations, revealed by the study of transverse Lyapunov exponents. In Section 3 we present some properties of noninvertible maps of the plane, and in particular we describe a procedure to obtain the boundary of an invariant absorbing area. In Section 4 the results described in Sections 2 and 3 are applied to the study of a brand competition model for market share. In Section 5 we conclude with a brief outline of some possible extensions to higher dimensional models and to models where the symmetry is broken by small parameters' mismatches.
CHAOTIC SYNCHRONIZATION AND RELATED LOCAL BIFURCATIONS
In this section we recall some definitions and results related to the problem of chaos synchronization, see [10] [10] Amin
The meaning of the inequalities in (6) can be intuitively understood on the basis of the property that An at expresses a sort of "weighted balance" between the transversely repelling and transversely attracting cycles (see [27] Some authors call local riddling the situation (L) and, by contrast, global riddling the situation (G) (see [5, 19, 21] [10] . Also the macroscopic effect of a blowout bifurcation is strongly influenced by the behavior of the dynamical system far from the invariant submanifold A: The trajectories starting close to the chaotic saddle may be attracted by some attracting set far from A or remain inside a twodimensional compact set located around the chaotic saddle A, thus giving on-off intermittency. The study of transverse Lyapunov exponents says nothing about the fate of the locally repelled trajectories, and the occurrence of the different scenarios described above is determined by the global properties of the map. When T is a noninvertible map, these global properties can be described by the method of critical curves, which may be used to obtain the minimal invariant absorbing area inside which intermittency phenomena are confined. [14, 24, 3] ).
GLOBAL PROPERTIES OF NONINVERTIBLE MAPS AND ABSORBING AREAS
Points of LC_ in which the map is differentiable are necessarily points where the Jacobian determinant vanishes: in fact in any neighborhood of a point of LC_ there are at least two distinct points which are mapped by T in the same point, hence the map is not locally invertible in points of LC_ 1. This implies, for a differentiable map, that LC-1 C_ Jo ((x,y) E N2]detDT(x,y) 0} (7) This terminology, and notation, originates from the notion of critical points as it is used in the classical works of Julia and Fatou. [24] , Chapter 4, or [6] , for more details).
Following [24] or [3] a practical procedure can be outlined in order to obtain the boundary of an absorbing area (although it is difficult to give a general method). Starting from a portion of LC_ 1, approximately taken in the region occupied by the area of interest, its images of increasing rank are computed until a closed region is obtained. When such a region is mapped into itself, then it is an absorbing area A. The [11, 26] ). The dynamic model given in [7] is obtained by assuming that the two competitors change their marketing efforts adaptively, in response to the profits achieved in the previous period:
x,+ x, + (Bs, Yt+l Yt + A2(Bs2t yt)yt (11) The decision rule the firms use is an adaptive adjustment (a type of anchoring attitude) widely used in decision theory (see [31, 30] (12) where k'-b/a. A general study of the dynamic properties of the map (12) is given in [7] . The map (12) separates the region Z2 from Z4, where the points in Z4 have four distinct preimages.
Here we consider the symmetric case of identical firms, obtained for A1 A2 A; /1 -/2 -/; kThis case has already been considered by Kopel et al. [16] , where it is argued that the parameter /3 measures the degree of competition between the firms. We now use this example to show some applications of the methods described in Section 3.
The restriction (4) (3) which is conjugate to the standard logistic map z #z(1 z), with #--+-AB (14) by the linear transformation x-z(I+AB/2)/A. In such a situation, a method to obtain trajectories which never synchronize, so that the bursts never stop and the iterated points fill up the whole minimal absorbing area, consists in the introduction of a small parameters' mismatch (see e.g. [6] Figure 4a . The locally repelled trajectories are folded back by the boundaries of the absorbing area, and after some bursts away from A they
synchronize. An increase of ,# causes a contact between the absorbing area and the basin of (72 which leads to the destruction of the absorbing area, so that some of the trajectories that are repelled from A. can converge to (72, and the basin of A,,. becomes riddled (Fig. 4b) . This example [1, 2] . For higher dimensional models, such as oligopoly models with n identical competitors, it may be interesting to study the formation of clusters of k < n synchronized competitors, coexisting with other clusters or with non-synchronized competitors. The extension of the global methods described in this paper involves critical surfaces (or hypersurfaces) in order to bound compact regions where intermittency phenomena are confined.
The delimitation of minimal absorbing regions, which include the Milnor attractors embedded in invariant subspaces of lower dimensionality, also allows one to understand the effects of asymmetries causes by small parameters mismatches, that is, the consequences of the presence of quasiidentical economic agents. In this case, as shown in [6, 9] for the two-dimensional case, on-off intermittency phenomena are observed, and the boundaries of the minimal absorbing area behave as a vessel inside which the intermittent busts are confined (see also [8, 16] for a discussion on the economic implications).
